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Abstract: We show that the subleading soft photon theorem in a (d+2)-dimensional mass-
less abelian gauge theory gives rise to a Ward identity corresponding to divergent large gauge
transformations acting on the celestial sphere at null infinity. We further generalize our analy-
sis to (d+2)-dimensional non-abelian gauge theories and show that the leading and subleading
soft gluon theorem give rise to Ward identities corresponding to asymptotic symmetries of the
theory.
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1 Introduction
The study of asymptotic symmetries in gauge and gravitational theories has recently
experienced renewed interest due to the discovery that soft theorems in these theories are
equivalent to Ward identities corresponding to the asymptotic symmetries [1]. This equiva-
lence was originally studied in four-dimensional theories [2–17] and has since been generalized
to all even spacetime dimensions [18, 19].
The generalization to odd spacetime dimensions, however, is complicated by the fact
that waves propagate in qualitatively different manners in even and odd dimensions [20]. A
related issue is that massless fields are non-analytic near I ± in odd dimensions (which means
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one cannot perform a Taylor series expansion in r−1), and it is not clear how to perform
the asymptotic analysis in the presence of these non-analytic terms. These difficulties were
ultimately surmounted in [21], where the authors demonstrated that the leading soft photon
theorem [22, 23] is equivalent to the Ward identity corresponding to large gauge symmetries
in U(1) gauge theory in any dimension greater than or equal to four.
In addition to Weinberg’s original leading soft theorems, there has also been progress in
relating the subleading soft photon theorem to asymptotic symmetries of gauge theories in four
dimensions [10, 16, 17, 24].1 The corresponding symmetries are large gauge transformations
that diverge linearly near null infinity. Given the results of [21], it is natural to ask whether
this equivalence can be extended to all dimensions greater than or equal to four.
We tackle this question in this paper and, more generally, attempt to present a systematic
method that allows us to study the relationship between asymptotic symmetries and soft
theorems in any massless gauge theory living in any dimension greater than or equal to four.
In particular, we demonstrate that the subleading soft photon theorem corresponds to the
Ward identity for divergent large gauge transformations in any spacetime dimension. We
further generalize the analysis to non-abelian gauge theories, thereby allowing us to relate
both the leading and subleading soft gluon theorem to the corresponding Ward identities.
Due to the fact that the present paper relies heavily on the techniques developed in [21], we
will refer the reader to that paper for various technical details. In an effort to make this paper
self-contained, in §2, we review [21] and present essential formulae that are necessary for our
present work. In §3, we study the subleading soft photon theorem and the corresponding Ward
identity in a U(1) gauge theory. Finally, in §4, we generalize our results to non-abelian gauge
theories and show that both the leading and subleading soft gluon theorem are associated to
finite and divergent large gauge transformations, respectively.
2 Review of Previous Work
In this section, we review the work of [21] and list the relevant notations, conventions, and
formulae that will be utilized in the rest of this paper. We begin with U(1) gauge theories in
(d+2)-dimensions, which are described in terms of a field strength F that satisfies Maxwell’s
equations
∇µFµν = e
2
Jν , ∂[µFνα] = 0, (2.1)
1
The results of [10] and [24] are mathematically similar. In [10], the charges at I
+
− are constructed by first
taking r → ∞ and then u → −∞ (which is what we do in this paper as well), whereas in [24], the authors
take u, r →∞ simultaneously while keeping u≪ r.
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where Jν is a conserved matter current. The field strength can be separated into a radiative
part F (R)(which satisfies (2.1) with J = 0) and a Coulombic part F (C) (which is determined
by a choice of Green’s function). We will primarily be interested in the incoming and outgoing
solutions (which correspond to the retarded and advanced Green’s functions, respectively) and
denote the corresponding radiative and Coulombic modes respectively by F (R−), F (C−) and
F
(R+), F (C+).
Radiative Field The radiative part admits a mode expansion, which in Cartesian coordi-
nates XA takes the form
F
(R±)
AB (X) = e
∫
d
d+1
q
(2π)d+1
1
2q0
[
ε
a
AB(~q )O
(±)
a (~q )e
iq·X + εaAB(~q )
∗O(±)†a (~q )e
−iq·X
]
, (2.2)
where q0 = |~q | and εaAB(~q ) are the d polarization tensors labeled by a and defined via
ε
a
AB(~q ) = i [qAε
a
B(~q )− qBε
a
A(~q )] , q
A
ε
a
A(~q ) = 0, η
AB
ε
a
A(~q )ε
b
B(~q )
∗ = δab. (2.3)
In a quantum theory, the creation and annihilation modes satisfy the canonical commutation
relation
[
O(±)a (~q ) , O
(±)†
b (~q
′)
]
=
(
2q0
)
δab(2π)
d+1
δ
(d+1)(~q − ~q ′). (2.4)
We are interested in the expansion of the field strength near I ±. To determine this, it is
convenient to move to flat null coordinates, which are related to Cartesian coordinates via
X
A =
r
2
(
1 + x2 +
u
r
, 2xa, 1− x2 −
u
r
)
, x
2 = δabx
a
x
b
, (2.5)
so that
ds
2 = ηABdX
A
dX
B = −dudr + r2dxadxa. (2.6)
In these coordinates, I ± is located at r → ±∞ keeping (u, x) fixed. These surfaces have
further boundaries at u = ±∞ that are denoted respectively by I +± and I
−
± . The point
labeled by xa on I + is antipodal to the point with the same label on I −. We raise and lower
lowercase Latin indices with δab and δab, respectively.
A similarly convenient paramaterization is chosen for massless momenta:
q
A = ωqˆA, qˆA =
(
1 + y2
2
, y
a
,
1− y2
2
)
, ε
a
A(~q ) = ∂
a
qˆA = (−y
a
, δ
a
b ,−y
a) . (2.7)
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We can now substitute (2.5) and (2.7) into (2.2), determine the components of the field
strength in flat null coordinates, and then take a large |r| expansion. The expansion of the
radial electric field in odd dimensions is ((2.23) in [21])
F
(R±)
ur (u, r, x) =
e
8(2π)
d
2
∞∑
n=0
∞∑
s=0
2νn−2s csc(πνn)
Γ(s+ 1)Γ(1 + s− νn)
×
[
i(iu)s−νn
(ir)
d
2
+1+s
(−∂2)s∂aO(±,n)a (x) + c.c.
]
+
e
2
d
2
+3
π
d+1
∞∑
n=0
∞∑
s=0
(−1)s
Γ
(
d
2 + νn + s
)
2−νnΓ(s+ 1)
×

 i(iu)
s
(ir)d+n+s
∫
d
d
y
∂
aO(±,n)a (y)[
(x− y)2
]d
2
+νn+s
+ c.c.

 ,
(2.8)
whereas the analogous expansion in even dimensions takes the form ((2.27) in [21])
F
(R±)
ur (u, r, x)
=
e
2(2π)
d
2
+1
∞∑
n=0
νn−1∑
s=0
(−1)sΓ(νn − s)
22s−νn+1Γ(s+ 1)
[
i(iu)s−νn
(ir)
d
2
+1+s
(−∂2)s∂aO(±,n)a (x) + c.c.
]
+
e
8π
∞∑
n=0
∞∑
s=0
(−1)s2
d
2
+νnΓ
(
d
2 + s+ νn
)
Γ(s+ 1)

 i(iu)
s
(ir)d+n+s
∫
d
d
y
∂
aO(±,n)a (y)[
(x− y)2
] d
2
+νn+s
+ c.c.


+
e
2(2π)
d
2
+1
∞∑
n=0
∞∑
s=0
2−2s−νn(−1)νn−1
Γ(s+ 1)Γ(s + νn + 1)
×

 i(iu)s
[
log
(
1
2
√
iu√
ir
e
γE
)
− 12
(
Hs +Hs+νn
)]
(ir)d+n+s
(−∂2)s+νn∂aO(±,n)a (x) + c.c.

 .
(2.9)
Here, we have defined νn =
d
2−1+n, γE the Euler-Mascheroni constant, Hn the n-th harmonic
number (we define H0 = 0), and Kν the modified Bessel function of the second kind.
Coulombic Field The asymptotic expansion of the Coulombic field is determined as follows.
We assume that the Coulombic field strength and current admit a Taylor series expansion at
large |r| consistent with the asymptotic behavior described in [21]. Substituting these Taylor
series into Maxwell’s equations (2.1), we obtain equations order-by-order in large |r| that can
then be solved. The leading constraint equation is
∂uF
(C±,d)
ur =
e
2
2
J
(±,d)
u , (2.10)
– 4 –
where throughout this paper f (±,n) denotes the coefficient of |r|−n in the expansion of the
bulk field f(u, r, x) near r = ±∞.
Furthermore, we will also require an additional constraint derived from the subleading
terms in the large |r| expansion of Maxwell’s equations. These are obtained from the leading
terms in the r and a components of Maxwell’s equations and take the form
2∂uF
(C±,d+1)
ur − ∂
a
F
(C±,d−1)
ua = e
2
J
(±,d+1)
u
2F (C±,d+1)ur ∓ ∂
a
F
(C±,d)
ra = ±e
2
J
(±,d+2)
r
−2∂uF
(C±,d)
ra ± 2F
(C±,d−1)
ua = e
2
J
(±,d)
a
∂uF
(C±,d)
ra + ∂aF
(C±,d)
ur ± (d− 1)F
(C±,d−1)
ua = 0.
(2.11)
It can be shown that equations (2.10) and (2.11) together imply the subleading constraint
equation
∂
2
uF
(C±,d+1)
ur = ∓
e
2
4d
[
∂
2
J
(±,d)
u + (d− 1)∂u∂
a
J
(±,d)
a − 2d∂
2
uJ
(±,d+2)
r
]
, (2.12)
where ∂2 ≡ ∂a∂a.
3 Subleading Soft Photon Theorem
3.1 Matching Condition
As discussed in [21], the leading soft photon theorem is equivalent to a Ward identity
derived by imposing the following antipodal matching condition across spatial infinity:
F
(+,d)
ur
∣∣∣
I
+
−
= − F (−,d)ur
∣∣∣
I
−
+
. (3.1)
The subleading soft photon theorem is derived from a similar matching condition for
F
(±,d+1)
ur . There is, however, a slight obstruction to this. First, note that (3.1) is sensible
only if F (±,d)ur is finite and well-defined at I
±
∓ . This is indeed true, as one can verify from
the expansions (2.8) and (2.9) and the expressions for the Liénard-Wiechert electric field in
(d + 2)-dimensions. However, using (2.10) and (2.11) and assuming that the current has
compact support in u, one finds that at large |u|
F
(±,d+1)
ur = ∓
1
2d
u∂
2
F
(±,d)
ur + F
(±,d+1)fin
ur , (3.2)
where F (±,d+1)finur is finite at large |u|. This structure can also be verified from the expansions
(2.8) and (2.9) of the radiative field strength. Thus, to impose a sensible matching condition,
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we match the finite part, i.e.
F
(+,d+1)fin
ur
∣∣∣
I
+
−
= F (−,d+1)finur
∣∣∣
I
−
+
. (3.3)
Noting that the projection operator 1− u∂u projects out terms linear in u, we have
2
F
(±,d+1)fin
ur
∣∣∣
I
±
∓
= (1− u∂u)F
(±,d+1)
ur
∣∣∣
I
±
∓
, (3.4)
which implies
(1− u∂u)F
(+,d+1)
ur
∣∣∣
I
+
−
= (1− u∂u)F
(−,d+1)
ur
∣∣∣
I
−
+
. (3.5)
We define the following charges
Q±λ =
2
e
2
∫
I
±
∓
d
d
xλ(1− u∂u)F
(±,d+1)
ur , (3.6)
where λ ≡ λ(x) is a function defined on the celestial sphere at I ±. The antipodal matching
condition immediately implies
Q+λ = Q
−
λ . (3.7)
Using the covariant phase space formalism [25], one finds that Q±λ are related to the so-called
divergent large gauge transformations (see [10, 16, 17] for a discussion of these symmetries).
We can therefore think of these charges as measuring the local divergent U(1) charge of the in
and out states, and equivalently, (3.7) is understood as a conservation law for these charges.
Unlike the leading soft photon charge, this charge has no global counterpart since Q±λ=1 = 0.
Thus, even though there are local charges that are conserved due to the matching condition,
there are no new global symmetries.
Breaking up the field strength into its radiative and Coulombic components, i.e.
F
(±,d+1)
ur = F
(R±,d+1)
ur + F
(C±,d+1)
ur , (3.8)
we can write the charge as
Q±λ = Q
±S
λ +Q
±H
λ , (3.9)
where
Q±Sλ =
2
e
2
∫
I
±
∓
d
d
xλ(1− u∂u)F
(R±,d+1)
ur
Q±Hλ =
2
e
2
∫
I
±
∓
d
d
xλ(1− u∂u)F
(C±,d+1)
ur .
(3.10)
2
A similar projection was also used in [6] for the fermion operator.
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Q±Sλ are the incoming and outgoing soft charges and Q
±H
λ are the incoming and outgoing
hard charges. Using (2.12) and assuming that the matter current has compact support in u,
we find that the hard charge can be written as
Q±Hλ =
1
2d
∫
I
±
dud
d
x∂
a
λ
[
u∂aJ
(±,d)
u − (d− 1)J
(±,d)
a
]
+
2
e
2
∫
I
±
±
d
d
xλ(1− u∂u)F
(C±,d+1)
ur .
(3.11)
The second term above receives contributions only from stable massive particles, and hence
vanishes in theories with only stable massless particles. For the soft charges, we turn to (2.8)
and (2.9), from which we can extract the coefficient of |r|d+1 in odd dimensions to be
(1− u∂u)F
(R±,d+1)
ur =
Γ(d)e
8πd+1
(−i)d
∫
d
d
y
∂
aO(±,1)a (y)− ∂
aO(±,1)†a (y)[
(x− y)2
]d , (3.12)
and that in even dimensions to be
(1− u∂u)F
(R±,d+1)
ur
=
±e
2Γ(d2 + 1)
∞∑
n=2
Γ(n+ 1)
(
iu
2
)1−n
(4π)
d
2
+1(n− 1)
(−∂2)
d
2
[
∂
aO(±,n)a (x) + (−1)
n−1
∂
aO(±,n)†a (x)
]
±
(−1)
d
2Γ(d)e
23−dπ
∫
d
d
y
1[
(x− y)2
]d
[
∂
aO(±,1)a (y) + ∂
aO(±,1)†a (y)
]
∓
e
[
log
( |u|
4|r|e
2γE
)
−H d
2
− 1
]
2(4π)
d
2
+1Γ
(
d
2 + 1
) (−∂2) d2 [∂aO(±,1)a (x) + ∂aO(±,1)†a (x)]
∓
i[Θ(u)−Θ(r)]e
16(4π)
d
2Γ
(
d
2 + 1
)(−∂2) d2 [∂aO(±,1)a (x)− ∂aO(±,1)†a (x)] .
(3.13)
To determine these coefficients, we assumed the constraint
∂
aO(±,0)a (x) = ∂
aO(±,0)†a (x), (3.14)
which was required in [21] to cancel the logarithmic divergence in F (R±,d)ur in even dimensions.
A similar logarithmic divergence is present in (3.13), and to cancel these divergences, we
require3
∂
aO(±,1)a (x) = −∂
aO(±,1)†a (x). (3.15)
3
As with the leading soft operator, (3.15) implies that we can no longer think of O
(±,1)†
a (x) as a creation
operator. Rather it is an operator that shifts the vacuum. Note also that there is a relative sign in the
constraint, which is consistent with the requirement that the S-matrix should be continuous across ω = 0.
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Moreover, this constraint also implies F (R±,d+1)ur
∣∣∣
I
±
±
= 0 in even dimensions, which was pre-
viously assumed to be true in [18]. With this, we find that the soft charge takes the form
Q±Sλ =


i
2(4pi)
d
2 Γ( d2+1)e
∫
d
d
z ∂
aO(±,1)a (z)(−∂
2)
d
2λ(z), d ∈ 2Z
(−1)
d+1
2 Γ(d)i
2pi
d+1
e
∫
d
d
y ∂
aO(±,1)a (y)
∫
d
d
z
λ(z)[
(z − y)2
]d , d ∈ 2Z + 1. (3.16)
We conclude this section by bringing the soft charge into the same form for both odd and
even dimensions by judiciously choosing λ to be
λ(z) = hx(z) = log
[
(x− z)2
]
. (3.17)
In even dimensions, we have
(−∂2)
d
2hx(z) = (−∂
2)
d
2 log
[
(x− z)2
]
= −(4π)
d
2Γ
(
d
2
)
δ
(d)(x− z), (3.18)
whereas in odd dimensions, we have
∫
d
d
z
hx(z)[
(z − y)2
]d = 2(−1)
d−1
2 π
d+1
Γ(d+ 1)
δ
(d)(x− y). (3.19)
For this choice, we find in all spacetime dimensions that4
Q±Shx = −
i
de
∂
aO(±,1)a (x). (3.20)
3.2 Ward Identity
We now turn to semiclassical theories where the quantity of interest is the scattering
amplitude
An = 〈 out | in 〉, (3.21)
where n is the total number of particles in the scattering amplitude. The classical matching
condition (3.7) implies the following Ward identity for the amplitude:
〈 out |
(
Q+λ −Q
−
λ
)
| in 〉 = 0. (3.22)
4
Note that one does not lose generality by choosing λ = hx, and the matching conditions for hx imply those
for any general function λ(x).
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Using (3.9), we can rewrite this as
〈 out |
(
Q+Sλ −Q
−S
λ
)
| in 〉 = −〈 out |
(
Q+Hλ −Q
−H
λ
)
| in 〉. (3.23)
To simplify this, we now need to determine the action of the charge on one-particle states.
Let |Ψi, ~pi, si 〉 be a massless one-particle state with charge Qi, momentum ~pi, and spin si.
The massless momentum of this state is parameterized using (2.7), so that
p
A
i = ωi
(
1 + x2i
2
, x
a
i ,
1− x2i
2
)
. (3.24)
The action of the hard charge on bra and ket states is (see Appendix A.1 for an explicit
calculation for scalar fields)
〈Ψi, ~pi, si |Q
+H
λ =
iQi
dωi
[
∂
2
λ(xi)ωi∂ωi − (d− 1)∂
a
λ(xi)∂xai
]
〈Ψi, ~pi, si |
Q−Hλ |Ψi, ~pi, si 〉 = −
iQi
dωi
[
∂
2
λ(xi)ωi∂ωi − (d− 1)∂
a
λ(xi)∂xai
]
|Ψi, ~pi, si 〉.
(3.25)
Using this, we find
〈 out |
(
Q+Hλ −Q
−H
λ
)
| in 〉 =
i
d
n∑
i=1
Qi
ωi
[
∂
2
λ(xi)ωi∂ωi − (d− 1)∂
a
λ(xi)∂xai
]
〈 out | in 〉. (3.26)
Setting λ = hx and using (3.15) and (3.20), the Ward identity (3.23) becomes
〈 out |
[
∂
aO(+,1)a (x)− ∂
aO(−,1)a (x)
]
| in 〉
= e
n∑
i=1
Qi
ωi
[
∂
2 log
[
(x− xi)
2
]
ωi∂ωi + 2(d− 1)
(x − xi)
a
(x − xi)
2 ∂x
a
i
]
〈 out | in 〉.
(3.27)
3.3 Soft Theorem
Finally, we show that the Ward identity (3.27) is implied by the subleading soft photon
theorem. In standard momentum space variables, the soft limit of an amplitude involving an
outgoing photon of momentum εa has the universal form
lim
pγ→0
Aoutn+1(~pγ , εa; p1, · · · , pn) =
[
S
(0)
a + S
(1)
a
]
An(p1, · · · , pn) +O
((
p
0
γ
)1)
, (3.28)
where
S
(0)
a = e
n∑
i=1
ηiQi
pi · εa(pγ)
pi · pγ
, S
(1)
a = −ie
n∑
i=1
Qi
p
A
γ ε
B
a (~pγ)
pi · pγ
Ji AB. (3.29)
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Here, Ji AB is the angular momentum operator, which is the sum of the orbital and spin
angular momenta:
JiAB = LiAB + Si AB = −i
[
piA
∂
∂p
B
i
− piB
∂
∂p
A
i
]
+ Si AB. (3.30)
The leading soft factor S(0)a was the central point of discussion in [21]. Here, we turn to the
subleading soft factor S(1)a , which using the parameterization (2.7) takes the form
S
(1)
a = e
n∑
i=1
Qi
ωi
[
∂
b log
[
(x− xi)
2
] (
δabωi∂ωi − iSi ab
)
− Ia
b(x− xi)∂xbi
]
, (3.31)
where
Iab(x) = δab −
2xaxb
x
2 (3.32)
is the conformally invariant tensor.
On the other hand, the left-hand-side of (3.28) corresponds to the insertion of the operator
O(+,1)a (x) − O
(−,1)
a (x) in the S-matrix.
5 The subleading soft photon theorem may then be
rewritten as
〈 out |
(
O(+,1)a (x)−O
(−,1)
a (x)
)
| in 〉
= e
n∑
i=1
Qi
ωi
[
∂
b log
[
(x− xi)
2
] (
δabωi∂ωi − iSi ab
)
− Ia
b(x− xi)∂xbi
]
.
(3.33)
Taking a divergence of both sides, we find
〈 out |
(
∂
aO(+,1)a (x)− ∂
aO(−,1)a (x)
)
| in 〉
= e
n∑
i=1
Qi
ωi
[
∂
2 log
[
(x− xi)
2
]
ωi∂ωi + 2(d− 1)
(x− xi)
b
(x− xi)
2 ∂xbi
]
〈 out |S| in 〉,
(3.34)
which is precisely the Ward identity (3.27). Note that even though the subleading soft factor
itself depends on the spins of the hard particles, this contribution drops out of the divergence
and therefore the Ward identity itself.
We conclude this section with two remarks:
• We have successfully shown that the outgoing subleading soft photon theorem implies
the Ward identity (3.27). As was true in [21] for the leading soft photon theorem, we
could have equally well chosen to work with the incoming soft theorem, which reads
lim
pγ→0
Ainn+1(~pγ , εa; p1, · · · , pn) =
[
−S(0)a + S
(1)
a
]
An(p1, · · · , pn) +O
(
(p0γ)
1
)
. (3.35)
5
See Appendix C of [21] for details.
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This differs form (3.28) by a relative sign. The sign difference in the outgoing and
incoming leading soft factor was discussed in [21]. To understand the lack sign difference
in the subleading soft factor, recall that the incoming subleading Ward identity/soft-
theorem is obtained by an insertion of ∂aO(−,1)†a −∂
aO(+,1)†a . Using (3.15), this is equal to
∂
aO(+,1)a −∂
aO(−,1)a , which is precisely equal to the insertion for the outgoing subleading
Ward identity. Thus, we see that the outgoing subleading soft photon theorem along
with (3.15) implies the incoming subleading soft photon thereom, so the latter is not an
independent Ward identity of the theory.
• While it is true that the leading soft photon theorem is completely equivalent to its
corresponding Ward identity (i.e. one implies the other and vice versa), the same is
not true for the subleading soft theorem. For instance, the Ward identity does not care
about the spins of the particles involved in the scattering amplitude, whereas the soft
theorem (3.28) does! Thus, while the subleading soft theorem implies the Ward identity,
the inverse is not true. It may be of interest to understand what, if any, asymptotic
symmetries the full subleading soft theorem is equivalent to, and we leave this for future
work.
3.4 Divergent Large Gauge Transformations
We have shown that the subleading soft theorem implies the existence of a charge that
commutes with the S-matrix operator, i.e. it is a symmetry of the S-matrix. We now show,
using the covariant phase space formalism [25], that the charge is associated to divergent large
gauge transformations.
In [21], the authors considered the covariant quantization of abelian gauge theory and
constructed the charge that generates gauge transformations on a Cauchy slice Σ to be
Q
Σ
ε =
1
e
2
∫
∂Σ
ε ∗ F. (3.36)
On I ±, this charge simplifies to
Q
±
εˆ = ±
2
e
2
∫
I
±
∓
d
d
x |r|dεˆF (±)ur . (3.37)
Recalling that F (±)ur admits the expansion
F
(±)
ur (u, r, x) =
F
(±,d)
ur (u, x)
|r|d
+
F
(±,d+1)
ur (u, x)
|r|d+1
+ · · · (3.38)
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near I ±∓ , for gauge transformations of the form εˆ(u, r, x) = ε(x) + O
(
|r|−1
)
, we obtain the
finite charge
Q
±
ε = ±
2
e
2
∫
I
±
∓
d
d
x εF
(±,d)
ur . (3.39)
It was shown in [21] that these charges are associated to the leading soft photon theorem.
We now turn to divergent gauge transformations. In particular, consider a gauge trans-
formation of the form
εˆ(u, r, x) = rλ(x) +O
(
|r|−1
)
. (3.40)
The corresponding charge is
Q±λ =
2
e
2
∫
I
±
∓
d
d
x
[
|r|λ∓
1
2d
u∂
2
λ
]
F
(±,d)
ur +
2
e
2
∫
I
±
∓
d
d
xλF
(±,d+1)fin
ur . (3.41)
where we have used (3.2).
Note that this charge is formally divergent, which is expected since divergent gauge trans-
formations do not preserve the boundary fall-offs on the gauge and matter fields and are
therefore not tangent to the phase space. Despite this, it is possible to write down a finite
Ward identity since the contribution of the divergent part of the charge to the Ward identity
vanishes by virtue of the leading soft photon theorem. The finite part of the charge, which is
identical to (3.6) due to (3.4), is then the only quantity that contributes non-trivially to the
Ward identity and, as we have shown, arises from the subleading soft theorem [10, 16, 17].
4 Non-Abelian Gauge Theories
In this section, we study the leading and subleading soft gluon theorem in (d + 2)-
dimensions, which is the non-abelian generalization of the leading and subleading soft photon
theorem, and show that the equivalence between asymptotic symmetries and soft theorems
continues to hold in this case. The generalization is relatively straightforward and largely
involves adding Lie algebra indices on various fields. Hence, we will often refer the reader to
previous equations to illustrate the similarities.
4.1 Notation and Conventions
We consider a non-abelian gauge theory with Lie algebra g. The gauge field is a matrix-
valued one-form Aµ = A
I
µTI , where TI are the anti-Hermitian generators of g in a representa-
tion R with index structure (Aµ)
i
j . They satisfy [TI , TJ ]g = fIJ
K
TK and trR[TITJ ] = TRδIJ ,
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where TR is known as the index of the representation. Throughout this paper, we will use
a representation-independent trace, defined by tr [· · ·] = 1TR trR[· · · ], so that tr [TITJ ] = δIJ .
Here, we use the subscript g to distinguish the Lie bracket from the quantum commutator.
The field strength is a matrix-valued two-form defined by
Fµν = ∂µAν − ∂µAν + [Aµ, Aν ]g. (4.1)
A matter field in representation R is denoted by Ψ and has an index structure Ψi. Under
gauge transformations, the fields transform as
Ψ
g
−→ gΨ, Aµ
g
−→ gAµg
−1 + g∂µg
−1
, Fµν
g
−→ gFµνg
−1
. (4.2)
Infinitesimal gauge transformations are determined by setting g = 1 + ε, where ε = εITI . To
linear order in ε,
δεΨ = εΨ, δεAµ = −Dµε, δεFµν = −[Fµν , ε], (4.3)
where Dµε = ∂µε+ [Aµ, ε].
Gauge transformations that vanish on the boundary are redundancies of the theory and
can be used to choose a gauge. We will henceforth employ the gauge condition
Au = 0. (4.4)
4.2 Classical Equations and Asymptotics
The equations of motion are given by (c.f. (2.1))
∇µFµν = g
2
YMJ˜ν , J˜ν = Jν −
1
g
2
YM
[
A
µ
, Fµν
]
g
, (4.5)
where gYM is the coupling constant and Jν is the conserved matter current. As in the abelian
case, we can separate the field strength into radiative and Coulombic parts, denoted F (R±)µν
and F (C±)µν , respectively. The asymptotic fall-offs near I
± of Fµν is precisely the same as
the abelian case (see equation (2.9) of [21]), and we may use them to determine the fall-off
conditions for the gauge field Aµ in the gauge (4.4):
A
(R±)
u = 0, A
(C±)
u = 0
A
(R±)
r = O
(
|r|−
d
2
−1)+O (|r|−d) , A(C±)r = (|r|−d)
A
(R±)
a = O
(
|r|−
d
2
+1
)
+O
(
|r|−d+1
)
, A
(C±)
a = O
(
|r|−d+1
)
.
(4.6)
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The radiative field satisfies the sourceless equations and admits a mode expansion identical
to (2.2) with the addition of Lie algebra indices on all operators, i.e. F
(R±)
AB → F
I(R±)
AB and
O(±)a → O
I(±)
a . The large |r| expansion of the field strength is similarly obtained from (2.8)
and (2.9).
The asymptotics of the Coulombic field is obtained by assuming a Taylor expansion and
then solving the equations order-by-order in large |r|. The constraint equations take a form
identical to (2.10) and (2.12) with the replacement Jµ → J˜µ and e→ gYM. This yields
2∂uF
(C±,d)
ur = g
2
YMJ˜
(±,d)
u
∂
2
uF
(C±,d+1)
ur = ∓
g
2
YM
4d
[
∂
2
J˜
(±,d)
u + (d− 1)∂u∂
a
J˜
(±,d)
a − 2d∂
2
uJ˜
(±,d+2)
r
]
,
(4.7)
where
J˜
(±,d)
u = J
(±,d)
u +
1
g
2
YM
[
A
a(R±, d2−1), F (
R±, d
2
−1)
ua
]
g
J˜
(±,d)
a = J
(±,d)
a +
1
g
2
YM
[
A
b(R±, d2−1), F (
R±, d
2
−1)
ab
]
g
.
(4.8)
We remark that the explicit form for J˜ (±,d+2)r will not be needed here.
4.3 Charges
Just like the abelian case, we impose the antipodal matching conditions
F
(+,d)
ur
∣∣∣
I
+
−
= − F (−,d)ur
∣∣∣
I
−
+
(4.9)
(1− u∂u)F
(+,d+1)
ur
∣∣∣
I
+
−
= (1− u∂u)F
(−,d+1)
ur
∣∣∣
I
−
+
. (4.10)
These are now matrix-valued antipodal matching conditions. We introduce matrix-valued
functions ε(x) and λ(x) of the celestial sphere and define the charges
Q
±
ε = ±
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
εF
(±,d)
ur
]
Q±λ =
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
λ(1− u∂u)F
(+,d+1)
ur
]
.
(4.11)
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The matching condition implies Q+ε = Q
−
ε and Q
+
λ = Q
−
λ . As before, we can decompose these
charge into soft and hard parts
Q
±S
ε = ±
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
εF
(R±,d)
ur
]
Q±Sλ =
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
λ(1− u∂u)F
(R+,d+1)
ur
]
Q
±H
ε = ±
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
εF
(C±,d)
ur
]
Q±Hλ =
2
g
2
YM
∫
I
±
∓
d
d
x tr
[
λ(1− u∂u)F
(C+,d+1)
ur
]
.
(4.12)
To determine the soft charges, we extract the coefficients of |r|−d and |r|−d−1 from (2.8)
and (2.9), and impose the constraints
∂
aOI(±,0)a (x) = ∂
aOI(±,0)†a (x), ∂
aOI(±,1)a (x) = −∂
aOI(±,1)†a (x) (4.13)
to cancel the logarithmic divergences. Finally, to bring the even and odd dimensional soft
charges into a single form, we choose
ε(z) = f Ix(z) = T
I(−∂2) log
[
(x− z)2
]
, λ(z) = hIx(z) = T
I log
[
(x− z)2
]
, (4.14)
which yields
Q
I,±S
fx
= −
1
gYM
∂
aOI(±,0)a (x), Q
I,±S
hx
= −
i
dgYM
∂
aOI(±,1)a (x). (4.15)
To determine the hard charge, we write the hard charges in (4.12) as an integral over all
of I ± and use (4.7). This gives
Q
±H
ε = −
∫
I
±
dud
d
x tr
[
εJ˜
(±,d)
u
]
±
2
g
2
YM
∫
I
±
±
d
d
x tr
[
εF
(C±,d)
ur
]
Q±Hλ =
1
2d
∫
I
±
dud
d
x tr
[
∂
a
λ
(
u∂aJ˜
(±,d)
u − (d− 1)J˜
(±,d)
a
)]
+
2
g
2
YM
∫
I
±
±
d
d
x tr
[
λ(1− u∂u)F
(C±,d+1)
ur
]
.
(4.16)
Assuming no stable massive states, the second term in both of the charges above vanish, and
we find
Q
±H
ε = −
∫
I
±
dud
d
x tr
[
εJ˜
(±,d)
u
]
(4.17)
Q±Hλ =
1
2d
∫
I
±
dud
d
x tr
[
∂
a
λ
(
u∂aJ˜
(±,d)
u − (d− 1)J˜
(±,d)
a
)]
. (4.18)
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4.4 Ward Identity and Soft Gluon Theorem
As in the abelian case, the Ward identity associated to the charges defined in the previous
subsection takes the form
〈 out |
(
Q
+S
ε −Q
−S
ε
)
| in 〉 = −〈 out |
(
Q
+H
ε −Q
−H
ε
)
| in 〉
〈 out |
(
Q+Sλ −Q
−S
λ
)
| in 〉 = −〈 out |
(
Q+Hλ −Q
−H
λ
)
| in 〉.
(4.19)
Consider now the right-hand-side of the Ward identities. Let |Ψi, ~p, s 〉 be a massless one-
particle state that transforms in representation R, with momentum ~p and spin s. We may
parameterize this momentum using (3.24). Then, the action of the leading hard charge has
the form (see Appendix A.2 for an explicit computation for scalar and gauge particles)
Q
−H
ε |Ψ
i
, ~p, s 〉 = iεI(x) (TI)
i
j|Ψ
j
, ~p, s 〉
〈Ψi, ~p, s |Q
+H
ε = iε
I(x)〈Ψj , ~p, s | (TI)
j
i.
(4.20)
A gluon state lives in the adjoint representation and has the form |F I , ~p, a 〉 (a labels the
polarization of the gluon). It therefore transforms as
Q
−H
ε |F
I
, ~p, a 〉 = iεK(x)
(
T
adj
K
)I
J |F
J
, ~p, a 〉 = ifKJ
I
ε
K(x)|F J , ~p, a 〉
〈FI , ~p, a |Q
+H
ε = iε
K(x)〈FJ , ~p, a |
(
T
adj
K
)J
I = iε
K(x)fKI
J〈FJ , ~p, a |,
(4.21)
where we have used the fact that the matrix elements of the generators in the adjoint repre-
sentation are given by
(
T
adj
I
)J
K = fIK
J
. (4.22)
Using this and setting ε(z) = fx(z), we find the Ward identity
〈 out |
[
∂
aOI(+,0)a (x)− ∂
aOI(−,0)a (x)
]
| in 〉
= −igYM
n∑
k=1
ηk∂
2 log
[
(x− xk)
2
]
〈 out |T Ik | in 〉,
(4.23)
where we have now generalized to include particles transforming under arbitrary representa-
tions Rk of g, with T
I
k being the generators in that representation. As before, ηk = +1 for
outgoing particles and ηk = −1 for incoming particles.
In the same manner as above, we can determine the action of the subleading hard charge
on the matter states to be
Q−Hλ |Ψ
i
, ~p, s 〉 = −
1
dω
[
∂
2
λ
I(x)ω∂ω − (d− 1)∂
a
λ
I(x)∂a
]
(TI)
i
j |Ψ
j
, ~p, s 〉
〈Ψi, ~p, s |Q
+H
λ =
1
dω
[
∂
2
λ
I(x)ω∂ω − (d− 1)∂
a
λ
I(x)∂a
]
〈Ψj, ~p, s |(TI)
j
i.
(4.24)
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Similar formulae also hold for the gluon state with TI replaced with T
adj
I . The Ward identity
(3.27) then generalizes in the non-abelian case to
〈 out |
[
∂
aOI(+,1)a (x)− ∂
aOI(−,1)a (x)
]
| in 〉
= −igYM
∑
k
1
ωk
[
∂
2 log
[
(x− xk)
2
]
ωk∂ωk + 2(d− 1)
(x− xk)
a
(x− xk)
2 ∂x
a
k
]
〈 out |T Ik | in 〉.
(4.25)
Just as in the abelian case, the Ward identity (4.23) is equivalent to the leading soft gluon
theorem, and the Ward identity (4.25) is a consequence of the subleading soft gluon theorem.
Recall that the leading and subleading soft gluon theorem in momentum coordinates take the
form
lim
pγ→0
AI,outn+1 (~pγ , εa; p1, · · · , pn) =
[
S
I(0)
a + S
I(1)
a
]
An(p1, · · · , pn) +O
((
p
0
γ
)1)
, (4.26)
where
S
I(0)
a = −igYM
n∑
k=1
ηk
pk · εa(pγ)
pk · pγ
T
I
k , S
(1)
a = −gYM
n∑
k=1
p
A
γ ε
B
a (~pγ)
pk · pγ
T
I
kJkAB . (4.27)
As was shown in §3.3, the kinematic factors above reproduce the kinematic factors in the
abelian case (4.23) and (4.25). The extra Lie algebra factors are also matched by noting that
both the non-abelian Ward identities and soft theorems are obtained from the abelian ones by
the replacement Qk → −iT
I
k and e → gYM. This establishes the relationship between Ward
identities and the leading and subleading soft theorems in non-abelian gauge theories.
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A Action of Hard Charges
In this appendix, we determine the action of the hard charges Q±Hε and Q
±H
λ on massless
one-particle states, both in abelian and non-abelian gauge theories. For simplicity, we focus
only on massless scalar and gluon states, but the results of this section are true more generally.
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A.1 Abelian Charges
Here, we determine the action of the subleading hard charge on a minimally coupled scalar
field Φ with charge Q. The corresponding conserved current is
Jµ = iQ
(
Φ∗DµΦ− (DµΦ)
∗Φ
)
, DµΦ = ∂µΦ− iQAµΦ. (A.1)
The mode expansion for the outgoing/incoming scalar field is
Φ(±)(X) =
∫
d
d+1
q
(2π)d+1
1
2q0
[
O
(±)
Φ (~q )e
iq·X +O(±)†
Φ
(~q )e−iq·X
]
, (A.2)
where[
O
(±)
Φ (~q ),O
(±)†
Φ (~q
′)
]
=
[
O
(±)
Φ
(~q ),O
(±)†
Φ
(~q ′)
]
=
(
2q0
)
(2π)d+1δ(d+1)
(
~q − ~q ′
)
. (A.3)
We parameterize the integration variable using (2.7). In these variables, we obtain
Φ(±)(u, r, x) =
1
2(2π)d+1
∫
d
d
y
∫ ∞
0
dω ω
d−1 [O(±)Φ (ω, x+ y)e− i2ωu− i2ωry2
+O
(±)†
Φ
(ω, x+ y)e
i
2
ωu+ i
2
ωry
2]
,
(A.4)
where [
O
(±)
Φ (ω, x),O
(±)†
Φ (ω
′
, x
′)
]
=
[
O
(±)
Φ
(ω, x),O
(±)†
Φ
(ω′, x′)
]
= 2ω1−d(2π)d+1δ(ω − ω′)δ(d)(x− x′).
(A.5)
The leading order term in the large r expansion of the scalar field is
Φ(±)(u, r, x) =
π
(2π)
d
2
+2
∫ ∞
0
dω ω
d
2
−1
[
e
− i
2
ωu
(ir)
d
2
O
(±)
Φ (ω, x) +
e
i
2
ωu
(−ir)
d
2
O
(±)†
Φ
(ω, x)
]
+ · · · . (A.6)
A.1.1 Leading Hard Charge
We begin by studying the leading hard charge Q±Hε . Although this has been worked out
in Appendix B of [21], we reproduce here as it will allow us to generalize to the non-abelian
case more easily. First, we define the current via normal-ordering to find∫
du J
(±,d)
u =
Q
2(2π)d+1
∫ ∞
0
dω ω
d−1
[
O
(±)†
Φ (ω, x)O
(±)
Φ (ω, x)−O
(±)†
Φ
(ω, x)O
(±)
Φ
(ω, x)
]
.
(A.7)
An outgoing or incoming scalar state with charge Q is defined as
〈Φ, ω, x | = 〈 0 |O
(+)
Φ (ω, x), |Φ, ω, x 〉 = O
(−)†
Φ (ω, x)| 0 〉. (A.8)
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Using these definitions, we find
〈Φ, ωi, xi |
∫
du J
(+,d)
u (u, x) = Qδ
(d)(x− xi)〈Φ, ωi, xi |∫
du J
(−,d)
u |Φ, ωi, xi 〉 = Qδ
(d)(x− xi)|Φ, ωi, xi 〉.
(A.9)
The action of the leading hard charge is then
〈Φ, ω, x |Q+Hε = −Qε(x)〈Φ, ω, x |, Q
−H
ε |Φ, ω, x 〉 = −Qε(x)|Φ, ω, x 〉. (A.10)
A.1.2 Subleading Hard Charge
As before, we define the current via normal ordering and find∫
duuJ
(±,d)
u =
−iQ
2(2π)d+1
∫ ∞
0
dω ω
d−1 [O(±)†Φ ∂ωO(±)Φ − ∂ωO(±)†Φ O(±)Φ
−O
(±)†
Φ
∂ωO
(±)
Φ
+ ∂ωO
(±)†
Φ
O
(±)
Φ
]
∫
du J
(±,d)
a =
iQ
2(2π)d+1
∫ ∞
0
dω ω
d−2
[
O
(±)†
Φ ∂aO
(±)
Φ − ∂aO
(±)†
Φ O
(±)
Φ
+∂aO
(±)†
Φ
O
(±)
Φ
−O
(±)†
Φ
∂aO
(±)
Φ
]
,
(A.11)
where we dropped the (ω, x) dependence of the mode coefficients for clarity. It follows
〈Φ, ωi, xi |
∫
duuJ
(+,d)
u (u, x) = −iQδ
(d)(x− xi)
[
2∂ωi + (d− 1)ω
−1
i
]
〈Φ, ωi, xi |
〈Φ, ωi, xi |
∫
du J
(+,d)
a (u, x) = iQω
−1
i
[
δ
(d)(x− xi)∂a − ∂aδ
(d)(x− xi)
]
〈Φ, ωi, x |∫
duuJ
(−,d)
u |Φ, ωi, xi 〉 = iQδ
(d)(x− xi)
[
2∂ωi + (d− 1)ω
−1
i
]
|Φ, ωi, xi 〉∫
du J
(−,d)
a |Φ, ωi, xi 〉 = −Qiω
−1
i
[
δ
(d)(x− xi)∂a − ∂aδ
(d)(x− xi)
]
|Φ, ωi, x 〉.
(A.12)
The action of the hard charge on the states is therefore
〈Φ, ω, x |Q+Hλ =
iQ
dω
[
∂
2
λ(x)ω∂ω − (d− 1)∂
a
λ(x)∂a
]
〈Φ, ω, x |,
Q−Hλ |Φ, ω, x 〉 = −
iQ
dω
[
∂
2
λ(x)ω∂ω − (d− 1)∂
a
λ(x)∂a
]
|Φ, ω, x 〉.
(A.13)
A.2 Non-Abelian Generalization
Lastly, we now generalize the results of the previous subsection to non-abelian gauge theo-
ries. We consider a minimally coupled scalar field Φi in a representation R. The corresponding
matter current is
J
I
µ =
(
DµΦ
)†
T
IΦ− Φ†T IDµΦ, DµΦ = ∂µΦ+AµΦ. (A.14)
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The scalar field has a mode expansion identical to (A.2) with the replacement O
(±)
Φ → O
i(±)
Φ .
The commutators (A.5) are also modified by adding an extra factor of δij to the right-hand-side,
i.e. [
O
i(±)
Φ (ω, x),O
(±)†
jΦ (ω
′
, x
′)
]
=
[
O
(±)
jΦ
(ω, x),O
i(±)†
Φ
(ω′, x′)
]
= 2ω1−d(2π)d+1δijδ(ω − ω
′)δ(d)(x− x′).
(A.15)
Next, (A.7) and (A.11) get modified to∫
du J
I(±,d)
u =
i(T I)ij
2(2π)d+1
∫ ∞
0
dω ω
d−1 [O(±)†iΦ (ω, x)Oj(±)Φ (ω, x)
−O
j(±)†
Φ
(ω, x)O
(±)
iΦ
(ω, x)
]
∫
duuJ
I(±,d)
u =
(T I)ij
2(2π)d+1
∫ ∞
0
dω ω
d−1
[
O
(±)†
iΦ ∂ωO
j(±)
Φ − ∂ωO
(±)†
iΦ O
j(±)
Φ
−O
j(±)†
Φ
∂ωO
(±)
iΦ
+ ∂ωO
j(±)†
Φ
O
(±)
iΦ
]
∫
du J
I(±,d)
a =
−(T I)ij
2(2π)d+1
∫ ∞
0
dω ω
d−2
[
O
(±)†
iΦ ∂aO
j(±)
Φ − ∂aO
(±)†
iΦ O
j(±)
Φ
+∂aO
j(±)†
Φ
O
(±)
iΦ
−O
j(±)†
Φ
∂aO
(±)
iΦ
]
.
(A.16)
The in and out states with momentum ~p parameterized by ω and x are defined as
〈Φi, ω, x | = 〈 0 |O
(+)
iΦ
(ω, x), |Φi, ω, x 〉 = O
i(−)†
Φ
(ω, x)| 0 〉. (A.17)
Using the definition of the hard charges (4.17) and (4.18) and the commutators (A.15), we
find
Q
−H
ε |Φ
i
, ω, x 〉 = iεI(x)(TI)
i
j |Φ
j
, ω, x 〉
〈Φi, ω, x |Q
+H
ε = iε
I〈Φj , ω, x |(TI)
j
i
Q−Hλ |Φ
i
, ω, x 〉 = −
1
dω
[
∂
2
λ
I
ω∂ω − (d− 1)∂
a
λ
I
∂a
]
(T I)ij |Φ
j
, ω, x 〉
〈Φi, ω, x |Q
+H
λ =
1
dω
[
∂
2
λ
I
ω∂ω − (d− 1)∂
a
λ
I
∂a
]
〈Φj , ω, x |(T
I)j i.
(A.18)
To complete the discussion, we must show that these charges also act on the gluon states
in the manner given in (4.21). This contribution arises from the extra terms in the effective
current (4.8), so we will focus only on this extra term. Explicitly, this is
J˜
I(±,d)gauge
u =
fJK
I
g
2
YM
A
aJ(R±, d2−1)F
K(R±, d2−1)
ua
J˜
I(±,d)gauge
a =
fJK
I
g
2
YM
A
bJ(R±, d2−1)F
K(R±, d2−1)
ab .
(A.19)
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To determine these currents, we need to determine the large |r| expansion of the gauge field.
First, we recall the mode expansion of the gauge field to be
A
(R±)
A (X) = gYM
∫
d
d+1
q
(2π)d+1
1
2q0
[
ε
a
A(~q )O
(±)
a (~q )e
iq·X + εaA(~q )
∗O(±)†a (~q )e
−iq·X]
. (A.20)
All the relevant quantities above are defined after equation (2.2), and the mode coefficients
satisfy
[
OI(±)a (~q ),O
J(±)†
b (~q
′)
]
=
(
2q0
)
(2π)d+1δabδ
IJ
δ
(d+1)(~q − ~q ′). (A.21)
Moving to flat null coordinates and using (2.7), we find
A
(R±)
a (u, r, x) =
gYMr
2(2π)d+1
∫
d
d
ydω ω
d−1 [O(±)a (ω, x+ y)e− i2ωu− i2ωry2
+O(±)†a (ω, x+ y)e
i
2
ωu+ i
2
ωry
2]
.
(A.22)
The leading order term in the large r expansion of the field is
A
(R±)
a =
−igYM
2(2π)
d
2
+1
∫
dωω
d
2
−1
[
e
− i
2
ωu
(ir)
d
2
−1O
(±)
a (ω, x)−
e
i
2
ωu
(−ir)
d
2
−1O
(±)†
a (ω, x)
]
+ · · · . (A.23)
Using this, we find∫
du J˜
I(±,d)gauge
u = −
ifJK
I
2(2π)d+1
∫
dω ω
d−1ObJ(±)†(ω, x)OK(±)b (ω, x)∫
du J˜
I(±,d)gauge
a =
fJK
I
(2π)d+1
∫
dω ω
d−2
[
∂[aO
K(±)†
b] (ω
′
, x)OaJ(±)(ω, x)
+OaJ(±)†(ω, x)∂[aO
K(±)
b] (ω
′
, x)
]
∫
duuJ˜
I(±,d)gauge
u =
fJK
I
2(2π)d+1
∫
dω ω
d−1
[
∂ωO
J(±)†
a (ω, x)O
aK(±)(ω, x)
−OaJ(±)†(ω, x)∂ωO
K(±)
a (ω, x)
]
,
(A.24)
where the current is defined via normal ordering.
Incoming and outgoing gluon states are defined as
〈F I , ω, x, a | = 〈 0 |OI(+)a (ω, x), |F
I
, ω, x, a 〉 = OI(−)†a (ω, x)| 0 〉. (A.25)
Using (4.17) and (4.18), we find
〈FI , ω, x, a |Q
+
ε = iε
J (x)〈FK , ω, x, a |(T
adj
J )
K
I
Q
−
ε |F
I
, ω, x, a 〉 = iεJ (x)(T adjJ )
I
K |F
K
, ω, x, a 〉.
(A.26)
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A similar calculation for the subleading charge implies
〈FI , ~p, s |Q
+H
λ =
1
dω
[
∂
2
λ
K(x)ω∂ω − (d− 1)∂
a
λ
K(x)∂a
]
〈FJ , ~p, s |(T
adj
K )
J
I
Q−Hλ |F
I
, ~p, s 〉 = −
1
dω
[
∂
2
λ
K(x)ω∂ω − (d− 1)∂
a
λ
K(x)∂a
]
(T adjK )
I
J |F
J
, ~p, s 〉.
(A.27)
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